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Abstract
A fundamental question in biology is how cell populations evolve into different subtypes based
on homogeneous processes at the single cell level. Here we show that population bimodality can
emerge even when biological processes are homogenous at the cell level and the environment is kept
constant. Our model is based on the stochastic partitioning of a cell component with an optimal
copy number. We show that the existence of unimodal or bimodal distributions depends on the
variance of partition errors and the growth rate tolerance around the optimal copy number. In
particular, our theory provides a consistent explanation for the maintenance of aneuploid states
in a population. The proposed model can also be relevant for other cell components such as
mitochondria and plasmids, whose abundances affect the growth rate and are subject to stochastic
partition at cell division.
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It is generally believed that, in simple homogeneous environments, only one competitor
class can be sustained on a single resource [1]. The intuition is that in the long run, a fittest
competitor class outgrows the rest. However, this contradicts the existence of structured
and heterogeneous communities, and in particular their emergence from originally clonal
populations [2]. One explanation to this contradiction rests in the idea that evolution in
simple environments is a sequence of selective sweeps where dominant clones are regularly
replaced by fitter descendants [3]. In this case diversity is a temporary state in the transition
from a dominant clone to another. The validity of this formulation is restricted to a regime
where replication errors giving rise to fit descendants are rare. In the opposite extreme, the
quasi-species model applies to very large populations with frequent mutations [4], such as
viruses. In this case, a population is predicted to form a cloud around a fitness peak (the
so-called “quasi-species” [4]), unless the mutability exceeds an “error threshold”, in which
case individuals drift randomly on the fitness landscape [5]. Since the distribution is uni-
modal or uniform, in this case there are no clearly defined sub-types within the population.
Furthermore, the high mutation rates of viruses are not common in other types of cell, and
this restricts the applicability of the model. On the other hand, mathematical descriptions
of chemostat experiments predict that diversity cannot be maintained unless cells engage in
cross-feeding [6], are subject to product inhibition [7], rate-yield trade-offs [8, 9], or there
are periodic variations in the dilution rate of the chemostat [10].
Despite these difficulties to explain the emergence of multiple cell types, experiments
supporting the phenomenon are ubiquitous. Clonal bacterial populations can diverge into
multiple phenotypic clusters in the chemostat [11]. Tissues of multicellular organisms are
composed of a hierarchy of genetically identical cells with different phenotypes that main-
tain a stable coexistence [12, 13]. Resistance to cancer therapy is related in part to the
heterogeneity of cancer cells before treatment [14–16]. Although it is not obvious how to
disentangle extrinsic and intrinsic influences in complex examples like these, experiments
where cells ex vivo reproduce aspects of their original population structure [17] indicate
that there is an intrinsic propensity towards the maintenance of diversity even in absence
of external cues. A possible explanation is that regulatory feedback loops amplify gene ex-
pression noise, eventually giving rise to distinct cells [18–20]. However, in many contexts
partition errors during cell division could be more relevant than gene expression noise [21–
27]. But, up to now, it hasn’t been clear how the stochasticity of partition, which is in
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average symmetric, could generate population heterogeneity.
The aim of this contribution is to propose such a solution and justify its relevance in
actual biological scenarios. We study the role of partition errors in the generation of cell
diversity. In particular, we study the division of a cell that carries a certain number of
components that influence its growth rate.
For simplicity we focus our attention on a single component. Here the component may
represent an organelle (e.g., mitochondria) or a macromolecule (e.g., chromosome or plas-
mid), that will be referred as the component or the particle. We model the particle copy
number dynamics across the population as a type-dependent branching process where indi-
vidual cells replicate at a rate µn, where n is the number of particles in the cell at birth.
To keep things simple, we consider that during their life cycle cells that were born with k
particles will duplicate their content resulting 2k particles at the time of division. This is a
plausible hypothesis for most cell components, which replicate autonomously in coordination
with the cell cycle [28]. Notice that this condition could be relaxed and the qualitative pic-
ture stays the same . Therefore, a cell born with k copies replicates giving birth to daughter
cells with n copies with probability Ωnk. We denote by xn(t) the expected value at time t of
cells born with particle copy number n. For large populations xn(t) satisfies the dynamical
equation
x˙ = Wx (1)
where
W = (2Ω− I)U (2)
I is the identity matrix and U is a diagonal matrix with entries Unn = µn. In the long time
limit x(t) ≈ ceλt, where λ is the largest eigenvalue of W and c its corresponding eigenvector
λc = Wc (3)
When λ > 0 the population follows balanced growth and λ represents the average population
growth rate [29].
The forms of µn and Ωnk will depend on specific biological mechanisms controlling growth
optimality and partitioning at cell division. We focus our attention on a scenario where
molecular mechanisms enforce the maintenance of an optimal growth state with n = m
particles. The enforcement acts at two levels. First, cells will tend to arrest or slow down
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growth when n deviates from m. For the sake of illustration and mathematical simplicity
we will model the growth rate by the Gaussian function form
µn(m, κ) = µm exp
(
−(n−m)
2
2κ
)
(4)
where µm is the maximum growth rate and κ quantifies the range of tolerated deviations
from the optimal copy number m. Second, cells will tend to enforce even partition at division
but, due to stochastic errors, random partition may occur. This can be modelled by the
error prone even partition model
Ωnk(ǫ) =
k∑
i=0
Bik(ǫ)Bn−k+i,2i(1/2) (5)
where Bnk(p) denotes the binomial distribution,
Bnk(p) =
(
k
n
)
pn(1− p)k−n (6)
and ǫ is the error probability of random partition per particle pair. Notice that introducing
the ǫ dependency of Ωnk this model interpolates between an even partitioning when ǫ = 0
and a purely binomial partitioning when ǫ = 1. In this way, a highly regulated process that
ensures even partitioning has a small value of ǫ, whereas random and unbiased partition
has ǫ ≈ 1. By an appropriate choice of the time unit we can set µm = 1 without loss of
generality. The model is left then with three parameters, κ, m and ǫ.
To start our analysis we numerically estimated the population growth rate as a function
of m and κ for the case ǫ = 1. The population growth rate becomes effectively zero when
m increases, specially if m ≫ κ (Fig. 1a). In this limit partition errors drive the majority
of cells away from the fitness peak, at the expense of a decreasing the pool of fitter cells. In
contrast, if κ is large then cells are more robust to variations in copy numbers and therefore
less sensitive to partition errors (Fig. 1b). This explains the increase in the growth rate
with κ. It is also evident that λ may exhibit abrupt changes when the parameters vary (Fig.
1a, blue arrows). This observation suggests that varying the parameter values one may find
a solution space characterized by qualitatively different phases. Indeed, the numerically
estimated eigenvector displays different behaviors (Fig. 2). Depending on the choice of the
parameters we obtain a population of cells where the particles effectively disappears (Fig.
2a), a homogeneous population with a unimodal distribution of particle copy number (Fig.
2b) or a bimodal distribution of particle copy number (Fig. 2c).
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To better understand the boundaries between these different behaviors, we derive ap-
proximate analytical solutions. Taking the scalar product of both sides in equation (3) by
eθn we translate the eigenvalue problem into the moment generating function equation
F (θ) = 2G(α(θ))−G(θ) (7)
where F (θ) =
∑
n cne
θn and G(θ) =
∑
n cnµne
θn/λ are the moment generating functions of
the distributions cn and cnµn/λ, respectively, and
α(θ) = θ + ln
[
1 + (cosh2(θ/2)− 1)ǫ
]
, (8)
In general we cannot solve (7) because it contains two generating functions evaluated at
different points. Yet, in the unimodal phase the population distribution c has a single-
peaked bell-like shape that can be approximated by a normal distribution
cn =
1√
2πν
exp
(
−(n− a)
2
2ν
)
(9)
Taking the continuous limit we can then approximate the generating functions by
F (θ) ≈ exp
(
ν
θ2
2
+ aθ
)
(10)
G(θ) ≈ exp
(
νκ
ν + κ
θ2
2
+
mν + aκ
ν + κ
θ
)
(11)
and λ =
∑
n
µnxn by
λU ≈
√
κ
ν + κ
exp
(
−1
2
(a−m)2
ν + κ
)
(12)
Substituting these approximations into (7), making a Taylor expansion of both sides with
respect to θ, and enforcing equality up to second order in θ we obtain
a = m (13)
ν =
κ
r
(1 +
√
1 + 2r) (14)
λU =
1√
1 + 1
r
(
1 +
√
1 + 2r
) (15)
where
r =
2κ
mǫ
(16)
5
is the ratio between the variance of µn and Ωnm, i.e. the fitness robustness to partition
noise ratio. Both ν and λU are increasing functions of r, indicating that as r increases the
population grows faster and the copy number distribution becomes wider.
Another possible solution is the deletion phase, where cn = δn0 and λD = µ0. This latter
solution will dominate when λD > λU and therefore the condition
µ0 = λU(rDU) (17)
defines the boundary separating the unimodal and deletion phases. Finally, the numerical
simulations in Fig. 2c indicate the existence of bimodal solutions. From the numerical
simulations we noted that ν . 3κ when cn is unimodal. From this empirical ansatz and Eq.
(14) we obtain the bimodality-unimodality (BU) boundary condition
1
rBU
(1 +
√
1 + 2rBU) = 3 (18)
This equation is satisfied for rBU ≈ 0.88, which represents is the approximate value of r
where the transition to bimodality occurs.
Putting all together, the model can be described by a phase diagram in the (r, µ0) plane
(Fig. 3). There is a good qualitative agreement between the phase boundaries estimated
from the numerical simulations (dashed lines) and the approximate formulas Eqs. (17) and
(18) (solid lines). The regions delimited by these boundaries correspond with the following
steady states or phases. In the deletion phase phase, the particles effectively disappears from
most cells in the population. Since cells cannot synthesize de novo particles in this model,
the deletion state is irreversible (also called an absorbing state in the language of branching
processes). The unimodal phase is characterized by a rather homogeneous population where
the distribution of particle copy number is unimodal. In this case, all cells replicate with
appreciable rate and have very similar off-springs, that in turn replicate at similar rates. The
third and most relevant phase is characterized by a bimodal distribution of particle copy
number. In this case, a minority of cells replicates at an appreciable rate, but because of
larger partition errors, the majority of their offspring have too low or too high copy numbers
(thus feeding the two peaks with newborn cells) with negligible replication rates.
A case of particular interest is that of low m that may represent the evolution of chromo-
some copy number in a population (ploidy). In the lowm limit the analytical approximations
are less accurate and we resort on numerical simulations alone. In Fig. 4 we report exam-
ples and the phase diagram in the plane (ǫ, κ) for the case m = 2. The specific examples
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presented in Fig. 4a and b show that for low m there are unimodal and bimodal solu-
tions, respectively. In fact, the phase diagram retains the three phases: deletion, unimodal
and bimodal distributions. It is evident that bimodal solutions are obtained only for parti-
tion errors above the threshold ǫc ≈ 0.4. A second requirement for bimodality is that the
growth rate tolerance parameter lies below the threshold κc ≈ 0.6, which is equivalent to
requirement of small r (16) in the phase diagram of Fig. 3.
In conclusion: Mathematical models of partition errors at cell division typically assume
that the growth rate of cells is a constant [21, 22, 30]. This assumption simplifies conveniently
mathematical derivations and might be applicable in some particular scenarios. However, as
we have shown here, when the growth rate dependency on the copy number is considered,
partition errors might be an effective and robust mechanism of cell diversification.
Our analysis reveals that population bimodality is a feasible state of balanced growth
even when all quantities follow unimodal behavior at the single cell level. Within the model
considered here, there are two necessary conditions for bimodality to manifest. First, some
degree of stochasticity in the partition of particles at division is needed (i.e., ǫ > ǫc). Second,
an optimal copy number and a sharp decrease in the growth rate for sub-optimal copy
numbers (i.e., small κ).
There are different biological scenarios where this picture could be relevant. One partic-
ularly interesting example is the evolution of ploidy in a population with faulty chromosome
segregation discussed above. Aneuploidy, is a phenomena at the basis of many disabilities
and connected with tumorigenesis. Excluding sex chromosomes, mammalian cells have the
diploid state as default, and deviations from this state are rarely tolerated. They have also
molecular mechanisms to enforce even chromosome partition at cell division, but mutations
in components of the chromosome segregation machinery may lead to an increase of par-
titioning errors. However, there is a clear contradiction between the low growth rate of
aneuploid cells [31] when compared with normal ones, and their prevalence in the context
of cancer. The theory proposed here provides a hypothesis for how cells with decreased and
increased copy number could be more abundant than the ”optimal” diploid cells.
On the other hand, mitochondria are organelles involved in the production of ATP
through phosphorylative oxidation. Unsurprisingly then, experimental evidence shows that
the larger the number of mitochondria, the larger the growth rate of cells [26]. However,
on the extreme case of an excessive mitochondrial content, the decrease of the cytoplas-
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mic space available for other essential components, such as enzymes and ribosomes [32–34]
becomes detrimental for the cell. In between there must exist an optimal copy number of
mitochondria that maximizes growth in a given environment. However cells typically depart
from this optimum. In particular cell differentiation often involves qualitative changes in
the quantity of mitochondria content in different stages [35, 36]. Moreover, recent exper-
iments suggest that the partition of mitochondria at cell division is well approximated by
binomial statistics [26, 28], but it is not understood how this could support heterogeneous
populations.
Plasmids are small, circular DNA molecules within bacterial cells that replicate au-
tonomously. The abundance of plasmids in a cell is known to affect its growth rate [37], due
to excess metabolic burden [38] or because the plasmid contains genes that might increase
bacterial fitness[39]. An intermediate plasmid copy number maximizes the growth rate.
However, heterogeneity in plasmid content is an important source of evolutionary innova-
tion in bacteria [39], but we don’t know under which conditions this heterogeneity could be
maintained. Partition errors at cell division have been associated with the loss of plasmids in
bacterial populations [40, 41], in accord with the deletion phase of our model. For example,
malfunction of ParAF, a protein involved in the regulation of the faithful partition of DNA
in bacteria, leads to an enhanced loss rate of plasmids [42].
Future experimental work is required to validate or invalidate the relevance of the pro-
posed theory in these scenarios. But our model displays, based on simple and biologically
plausible hypothesis, all the phenomenology described by the current experimental results.
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FIG. 1: Population growth rate. (a) Population growth rate as a function of m for
different values of κ. The arrows indicate inflection points in the dependence of λ on m.
(b) Population growth rate as a function of κ for different values of m.
FIG. 2: Steady state distributions Typical steady state distributions for the
qualitatively different solutions of the model. The gray bars are the histogram of cells by
copy number (xn, right vertical axis), and the dashed curve is the shape of the growth rate
as a function of copy number (µn, left vertical axis). (a) Deletion, where the copy number
goes to zero, (b) unimodal, where the cell population is distributed in a single bell-like
curve around the fitness peak, and (c) bimodal, where a significant fraction of newborns
fall outside the fitness peak. The inset cartoon diagrams represent the population
structures in the unimodal and bimodal regimes.
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FIG. 3: Phase diagram Phase plane r vs. −m2/(2κ) depicting regions with different
kinds of steady states and the boundary lines separating them. The continuos lines
correspond with the numerical estimates. The dashed curves represent the approximate
analytical boundaries. The gradient represents the average growth rate of the population
(λ).
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FIG. 4: Model results for ǫ < 1, m = 2, illustrating the unimodal (a) and bimodal
regimes (b). (c) Phase diagram ǫ vs. κ, for m = 2. The gradient represents the average
growth rate of the population (λ).
16
